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A Statistical Method for Calculating 
Trail Usage from Counter Data 
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Stephen Martin, Ph.D. 

Note:  This method has been superseded by a simpler method docu-
mented here.  However, unlike the methods developed here, the new 
method calculates total trail usage only, not the distribution of trail 
usage.   

1.  Introduction 

Automatic counters are used on trails to measure how many people are using the trail.  

A fundamental question is how to use the counter data to estimate the total trail usage.  

The answer to this question is not at all obvious or simple.  

Generally there are only a few counters on a trail.  However, users may be able to enter 

the trail at numerous access points and may go different distances after entering the 

trail.  This means that some trail users may not be counted at all, while others may pass 

several counters and be counted multiple times. 

This report describes a method for solving this problem.  Three approaches (models) for 

implementing the method were developed and are documented here.  The simplest and 

most usable model is the Simple Usage model.  The other two models are more com-

plex and require the use of computer programs.   

• The Simple Usage (SU) model is particularly elegant because its solution is a 

very simple formula.  This makes this model easy to use.  A remarkable feature 

of this model is that only the average distance traveled by trail users is required. 

It is not necessary to know the exact form of the distribution of distances trav-

eled.  Using this model, it is shown that the ratio of pedestrians to cyclists is not 

the same as the ratio obtained by simply counting trail users at a fixed location. 

• The Counts to Density (C2D) model is more accurate than the SU model but re-

quires a computer program to evaluate the solution.  It assumes that trail users 

can access the trail at any point along the trail. 

https://www.friendsofthelegacytrail.org/wp-content/uploads/2019/03/Calculating-Trail-Usage.pdf
https://www.friendsofthelegacytrail.org/wp-content/uploads/2019/03/Calculating-Trail-Usage.pdf


2 

• The Counts to Access Points (C2A) model is also more accurate than the SU 

model but also requires a computer program to calculate the solution.  This mod-

el assumes that trail users can only enter the trail at specific locations.   
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2.  The Basic Modeling Concepts 

Although the ultimate objective is to calculate usage from the counts on the counters, 

the method developed here starts by solving the problem the other way around; calcu-

late the count from the usage.  We can then use various methods to turn this solution 

around so that we can solve for the number of users from the counter data.  

The User-Distance Distribution 

Trail users travel different distances.  In statistics this variation is represented using a 

distribution curve such as the one shown in Figure 1. 

Figure 1 

 

Suppose a group of people start from point A on the trail and there is a counter a few 

miles away at point C.  We would like to know how many of those people will pass that 

counter.  As shown, in this example the average user goes about 5 miles.  However, 

some people will go farther.  The fraction of people who pass the counter is proportional 

to the shaded area under the curve to the right of the counter.  If the counter is moved 

farther away from the access point in the above figure, the area will be smaller and few-

er people will pass the counter. 

The approximate shape of the user-distance distribution is determined by surveying trail 

users and asking how far they typically travel on the trail.  Once the distance-traveled 

distribution curve is known, the fraction of users who pass the counter will depend only 

upon the distance to the counter.  This fraction can be calculated using a computer pro-

gram. 



4 

Alternatively, it will be proven that with the SU (Simple Usage) model, we do not need to 

know the shape of the distribution function.  Only the average distance travelled by trail 

users is required. 

Paths from the Access Point to the Counter 

Figure 2 shows the trail as a horizontal line.  There is an access point (A) and a counter 

(C).  Assume that a group of people, say 100, start at A.  It is assumed that half of these 

people will go toward the counter and the other half go in the opposite direction (50 

each way).   

Figure 2 

 

Because people go different distances, of the 50 people who started toward the counter, 

not all of them will make it there.  As described above, there is a statistical distribution of 

how far people go.  The fraction of these 50 people who will make it to the counter can 

be calculated from their travel distance distribution and the distance to the counter. 

The other 50 people who went in the opposite direction from the counter eventually 

reach the end of the trail, turn around, and head back toward the counter.  They have to 

go a longer distance to reach the counter, so fewer of them will reach it.  Again, the 

number of these people who pass the counter can be calculated from the distance that 

they have to go. 

We can add the number reaching the counter from both groups to get the total number 

of people who will reach the counter from access point A.  The total count on the coun-

ter at C is obtained by simply adding the contributions from every possible access point.  

Trail 50 

50 A C 
Access Point Counter 
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Discrete vs. Continuous Trail Access 

If there are very few access points to the trail then the above method of keeping track of 

access at specific points is probably appropriate.  This will be called the discrete access 

point approach.  On the other hand, if there a many access points it is simpler to just 

assume that the trail can be accessed at any point along its length.  With this continu-

ous access approach it is natural to think and work in terms of the number of accesses 

(usages) per unit length of trail.  This quantity will be referred to here as the usage den-

sity.  It is a measure of the concentration of people entering the trail at different points 

along the trail.  This is similar to the concept of population density, or people per square 

mile.  For usage density we work with usages per mile of trail. 

For example, if 100 people enter the trail along a 1 mile segment of the trail, the usage 

density would be 100 users/mile.  Similarly, if 100 people entered in a ½-mile trail seg-

ment the usage density would be 200 users/mile.  

This technique of approximating something as continuous is often used in engineering 

and physics.  For example, to simplify computations, materials are modeled as continu-

ous media, even though they actually consist of separate atoms. 

In the following sections, two of the models use the continuous access approach (the 

SU and C2D models) and one of them models access as only occurring at specific ac-

cess points (the C2A model). 

 

3.  The Models 

Three statistical models were developed as part of this study.  Each model looks at the 

problem in a slightly different way.  The following summarizes the features of each 

model: 

• Simple Usage (SU) Model:   
o Access is available at any point on the trail.  

o The trail is very long compared to the distance trail users travel. 

o Access density is the same everywhere. 
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o The solution is a very simple algebraic formula. 

o Only the average distance travelled by trail users is required; we do not 

need to know the shape of the user-distance distribution. 

• Counts to Density (C2D) Model:   
o Continuous trail access. 

o Unlike the Simple Usage model, this model allows usage to vary over the 

length of the trail and the trail can be any length. 

o Requires a computer program to solve. 

• Counts to Access Points (C2A) Model:   
o The purpose of this model is to test whether allowing access at only spe-

cific points on the trail makes a difference in the results. 

o The trail can be of any length. 

o Requires a computer program to solve. 

The goal of these models is to calculate the quantity and distribution of trail usage from 

the counter data.  All models can only model a linear trail, and therefore only The Lega-

cy Trail and the eastern side of the Venetian Waterway Park are actually modeled.  The 

total trail usage is estimated by assuming that the western Venetian Waterway Park has 

the same average usage density as the combined Legacy Trail and eastern Venetian 

Waterway Park. 

4.  The Simple Usage (SU) Model 

For simplicity this model assumes that the trail is infinitely long.  It is also assumed that 

the usage density is the same everywhere.  These assumptions imply that every coun-

ter will record the same usage count. 

Although these simplifying assumptions seem rather restrictive, this model has the ad-

vantage that the solution is a very simple equation.  It can be shown that the usage 

density u is given by: 

                                              u= C
(1+r)𝜇𝜇

                                                 (1) 

where  



7 

• C is the count on the counters, 

• r is the fraction of users who make a round-trip on the trail, and 

•  𝜇𝜇  is the average one-way distance traveled per usage.  For one-way travelers 

this would be their total distance on the trail.  For people who make a round trip 

on the trail the one-way distance would be half of their total distance.   

The quantities r and 𝜇𝜇 are characteristics of the trail user population.  The values of 

these quantities are obtained from surveys of trail users.   

One of the remarkable aspects of this result is that it is not necessary to know the de-

tails of the user-distance statistical distribution; only the average distance traveled is re-

quired.   

The derivation of Equation (1) is somewhat complex.  The complete details of the deri-

vation are given in the Appendix.  

Example Calculation: 
 

From Reference 1, the yearly totals for counters on The Legacy Trail and eastern 

part of the Venetian Waterway Park for 2013 are shown in Table 1. 

 

Table 1 
Central Sarasota Parkway 81,984 

Hatchett Creek 97,827 

Oscar Scherer State Park 99,507 

Circus Bridge 91,183 

Average 92,625 

 

The fact that these counts are relatively close to each other would seem to sup-

port the model’s assumption that the usage is relatively uniform along the trail. 

To apply Equation (1) we need a single representative count number, and there-

fore it is reasonable to use the average of these four numbers, or  

C = 92,625. 
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Next, from the survey results reported in Reference 2 it was found that the frac-

tion of people making a round trip on the trail was 0.93 and the average distance 

traveled for all trail users was 8.6 miles.  Therefore: 

r = 0.93   and    𝜇𝜇 = 8.6 miles 

Plugging these numbers into Equation (1) gives 

 

 
𝑢𝑢 =  

92,625
(1 + 0.93)(8.6)

 

 
 

=  5580 users/mile 

The length of the combined Legacy Trail and Venetian Waterway Park is 17.2 

miles.  Multiplying the above users per mile by this length gives approximately 

96,000 users per year.  

An Interesting Consequence of the Model:  Estimating the Ratio of Pedestrians to 
Cyclists 

One practical use of the SU model is the estimation of the number of cyclists vs. pedes-

trians on a trail.  If a person doing a survey stands at a particular point on the trail and 

counts four times as many cyclists going by as pedestrians, this does not mean that 

there are four times as many cyclists on the trail as pedestrians.  In fact, there may be 

more pedestrians than cyclists. 

Example 

For cyclists, assume 

Number counted = 100 
Average distance traveled = 9 miles 
All make a round trip,  r = 1.0 
 
Equation (1) gives:   u = 5.6 cyclists per mile 
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For pedestrians, assume 

Number counted = 25 
Average distance traveled = 2 miles 
All make a round trip,  r = 1.0 
 
Equation (1) gives:  u = 6.25 pedestrians per mile 
 

Therefore, there are more pedestrians than cyclist on the trail, even though the 
surveyor counts four times as many cyclists. 
 

In the next section it will be shown that the Simple Usage model under-predicts the 

number of users for The Legacy Trail.  The reason for this is that a large fraction of our 

users are cyclists, and the trail is relatively short compared to the distance that the av-

erage cyclist rides.  Therefore the assumption that the trail has infinite length is not quite 

met. 

One of the primary virtues of this model is its simplicity of calculation.  It will be shown in 

Section 7 that the accuracy of the model can be improved by applying a correction fac-

tor for trail length.  For the combined Legacy Trail and Venetian Waterway Park the cor-

rection factor is 1.25 and the corrected formula for calculating usage density becomes 

                                              u= 1.25C
(1+r)𝜇𝜇

                                                 (2) 

5.  The Counts to Density (C2D) Computer Model 

The Simple Usage model assumed that trail usage did not vary significantly over the 

length of the trail and the trail was infinite in length.  The C2D model was developed to 

determine how much these modeling simplifications affect the results.  With the C2D 

model the trail usage can vary over the length of the trail and the trail can be of any 

length.  This case cannot be solved with hand calculations.  A computer program is re-

quired.1   

                                                 
1 Unlike the Simple Usage model, the computer models require a full knowledge of the shape of the 
distance-travelled statistical distribution. The log-normal distribution was used in all analyses because the 
distance traveled cannot be a negative number.  The mean and standard deviation of the distribution was 
taken from  user survey data. 
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The program works by subdividing the trail into a large number of small segments.  The 

program user starts by making an initial estimate of the shape of the usage density 

along the trail.  The program then calculates the value that counters would record at 

each point on the trail.  This solution is compared to the known counter data at specific 

points on the trail.  If the predicted counts do not agree with the data, the program user 

adjusts the usage estimate and runs the program again.  This process continues until a 

good fit is obtained between the prediction and the data. 

Analysis of 2013 Year Data 

Figure 3 shows the prediction of the C2D model for the 2013 counter data given in Ta-

ble 12.  The upper curve (squares) was obtained by manually adjusting the shape of the 

lower curve (diamonds) until a good fit to the data was obtained. 

For this analysis the total number of trail usages for the combined Legacy Trail and Ve-

netian Waterway Park was calculated to be approximately 113,000 usages.  This result 

agrees with the 113,000 users/year originally estimated in Reference 1. 

Figure 3 

 
                                                 
2 As shown in Reference 2, parameter values for this population are r=0.93, 𝜇𝜇 =8.6 miles, and standard 
deviation = 4.7 miles. 
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Figure 3 shows that counter predictions drop at the ends of the trail.  This reason for this 

is that counters near the ends of the trail only receive traffic from people starting on one 

side of the counter.  Counters near the middle of the trail receive traffic from people 

starting on both sides of the counter.  Thus, if usage along the trail is approximately uni-

form, counters near the end of the trail would be expected to record only about half the 

counts of a counter located near the center of the trail.  This has the effect of creating a 

zone near the ends of the trail where the count decreases. The length of this end-

affected zone is approximately equal to the average one-way distance traveled by trail 

users.   

To demonstrate this further a special version of the C2D model, called D2C (density to 

counts), was created which takes user density as input and calculates the resulting 

counter values.  Figure 4 shows the predicted shape of the counter curve if all users are 

pedestrians and the usage density is 1000 users per mile. 

Figure 4 

 

0

500

1000

1500

2000

2500

-6 -4 -2 0 2 4 6 8 10 12

Predicted Pedestrian Counter Values 
User Density = 1000 

D2C Model

Simple
Usage Model

Shamrock Park Culverhouse Park 



12 

The graph shows a comparison of the count predictions for the D2C model and the 

Simplified Usage model.  The two models agree well in the center region of the trail.  

However the D2C values decrease as the end of the trail is approached.  The effect of 

this reduction is that for a given set of counter data the Simple Usage model will under-

predict total trail usage.  The degree of under-counting depends on the size of the end-

affected zone. 

Figure 5 shows the corresponding graph for cyclists.  As shown, the end-affected zones 

are considerably larger in this case.  In fact, counts along the entire length of the trail 

are reduced by the end effect. 

The counts predicted by the SU model are shown as the upper horizontal line in the 

chart. The counts predicted by the D2C model never quite reach and flatten out along 

the prediction of the SU model as they did in Figure 4.  This means that the SU model 

will under-predict trail usage more for cyclist than for pedestrians. 

Figure 5 
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6.  The Access Point to Counts (C2A) Model 

Both the Simplified Usage model and the C2D model assume that the trail can be ac-

cessed at any point.  The C2A model was developed to test whether allowing access at 

only specific locations would make a significant difference in the results.  

For this model the program user specifies the number and locations of the access 

points.  The user must also specify the fraction of the total number of trail users that en-

ter at each access point. 

The program estimates the total number of trail users and compares the predicted 

counts at the actual counter locations to the measured counter date.  The program au-

tomatically continues to correct its guess until a good fit to the data is obtained. 

Figure 6 shows the 15 access points and their associated usage fractions used in this 

analysis.  This information was obtained from an online survey reported in Reference 2. 

Figure 6 
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Figure 7 shows the times for which counter data is currently available for counters at the 

Hatchett Creek, 681 Bridge, and Central Sarasota Parkway stations. 

Figure 7 – Available Counter Data 

 

The period from 5/4/2014 to 5/3/2015 was chosen for this analysis because it is the 

most recent one-year period of continuous data from two of the counters.  Only the total 

year data from Hatchett Creek and the 681 Bridge were used.   

Figure 8 shows the results for the combined data; in other words data that includes cy-

clists, walkers, runners and skaters.  The squares at the bottom of the graph show the 

access points and indicate the number of people starting at each location.  For this one-

year time period, this analysis predicts a total of 110,000 usages. 

Figure 8 

 

 

0

20000

40000

60000

80000

100000

120000

-6 -4 -2 0 2 4 6 8 10 12

C2A Model - Combined Data 

Predicted Counts

Measured Counts

Access Points

Culverhouse 
Park 

Shamrock 
Park 

Laurel 
Road CSP 

Independently  
Estimated CSP Value 



15 

Although no data exists during this time period for the Central Sarasota Parkway sta-

tion, it is possible to estimate what its value might have been.  Data from the survey re-

ported in Reference (2) show that over a 4-hour period the number of trail users at Cen-

tral Sarasota Parkway was 50.0 per hour, compared with 37.3 per hour at Hatchett 

Creek.  Based on these rates, and the yearly user count at Hatchett Creek, the yearly 

number of usages at CSP is estimated to be 108,180.  This point is plotted as the circle 

in the upper right of Figure 8.  The good agreement between this independently esti-

mated value and the model prediction provides some assurance that the model results 

are reasonable. 

Next, the C2A model was applied to the cyclist and pedestrian populations independent-

ly3.  The results are shown in Figures 9 and 10.  

Figure 9  

 

  

                                                 
3 From Reference 2: For pedestrians, average distance = 1.99 miles and standard deviation = 1.05 miles.  
For cyclists, average distance = 9.42 miles and standard deviation = 4.27 miles. 

0

20000

40000

60000

80000

100000

120000

-6 -4 -2 0 2 4 6 8 10 12

C2A Model - Cyclists - Total = 92,600 

Predicted
Counts
Measured
Counts
Access
Points

Culverhouse 
Park 

Shamrock 
Park 

Laurel 
Road CSP 



16 

Figure 10 

 

The cyclist graph is very similar to the combined data graph.  The number of cyclists is 

predicted to be 92,600.  The curve for pedestrians is considerably different, having a 

minimum near the center of the trail.  This is caused by the much shorter distances 

traveled by pedestrians and the fact that usage is low near the middle of the trail.  In the 

trail survey, no walkers were observed at the 681 Bridge during the 2-hour survey peri-

od, so this translates into a zero count for pedestrians at this station.  The model, how-

ever, does not predict this zero value.  Instead the predicted count for pedestrians is 

approximately 2500.  To put this error in perspective, it can be shown that if 5 pedestri-

ans had been counted during the 2-hour survey period, there would have been very 

close agreement between the model and the data.  The number of pedestrians counted 

was small, so the sampling error is much larger than the sampling error for cyclists. 

The number of pedestrians was predicted to be 24,500.  Therefore, the combined num-

ber of pedestrians and cyclists is predicted to be 117,000 for this model.  
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7.  A Simple Approximate Formula for The Legacy Trail and Venetian Waterway 
Park 

We can compare the above results with the results obtained using the Simple Usage 

model.  Using an average counter number of 90,000 (average of 80,000 and 100,000), 

a round-trip fraction of 0.93, and a mean distance traveled of 8.56 miles.  Plugging 

these numbers into Equation (1) gives: 

u=
90,000

(1+0.93)(8.56) = 5448 𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢/𝑚𝑚𝑚𝑚𝑚𝑚𝑢𝑢 

For the combined length of the Legacy Trail and VWP of 17.2 miles, this gives a total 

user count of 93,700.  Comparing this to the 117,000 users predicted by of the C2A 

model shows that the C2A result is larger than the Simple Usage result by a factor of 

1.25.  Multiplying the results of the Simple Usage model by this factor will bring them 

into close agreement with the more accurate results of the C2A model.  

Applying this correction factor to Equation (1), using, as above, r = 0.93, u = 8.56 miles, 

and a trail length of 17.2 miles, we get 

U= �
(1.25)(17.2)

(1 + 0.93)(8.56)�
𝐶𝐶 

or 

U=1.3𝐶𝐶 

where U is the total number of usages and C is the average of the counts on the trail 

counters in a given time period.  For this approximation to be valid it is assumed that 

that there is a reasonable distribution of the counters along the trail.  It should be kept in 

mind that this formula is derived assuming the current length of the The Legacy Trail 

plus eastern Venetian Waterway Park.  It is also based on the statistical user behavior 

reported in Reference 2.  If either of these changes, the formula should be modified. 
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Appendix – Derivation of the Simple Usage Model 
 

 

Counters are used on trails and roads to measure the number of people or vehicles 

passing a particular location.  The problem is to determine how the counts relate to the 

number of users.  This relationship is complicated by the fact that some users may not 

travel far enough to pass a counter, and others may pass several counters. 

 

The model and analysis in this document show that the trail usage density 𝑢𝑢 (users per 

mile, for example) is approximately given by 

 

 𝑢𝑢 =  
𝐶𝐶

(1 + 𝑢𝑢)µ
 (1) 

 

where 𝐶𝐶 is the counter reading, 𝑢𝑢 is the fraction of users making a round trip on the trail, 

and µ is the mean distance that people travel each way on the trail.  A surprising result 

of the analysis is that only the mean of the distance traveled is required; it is not neces-

sary to know the shape of the distribution function. 

 

The Model 
 

Consider the case of a very long trail with many access points, and assume there are 

many counters.  This situation is shown in Figure 1, where the x axis represents length 

along the trail and the y axis plots counter readings (upper curve) and usages per mile 

(lower curve). 

 

For convenience, one can visualize trail users as entering the trail at any point along the 

side of the trail and then going either left or right along the trail. The counters are repre-

sented by vertical lines in the upper graph. 
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Figure 1 

 

There are several observations that can be made from Figure 1: 

• As the number of counters goes to infinity, the counts form a continuous curve. 

• In a given region, higher usage per mile translates into higher counter readings.  

The section A-B might be a rural area, whereas section B-C could be an urban 

area. 

• The longer the trail, the more total users there will be.  Therefore, it makes sense 

to think in terms of usage density (users per mile) rather than total trail usage.  

Total trail usage can be calculated later from the usage density and the length of 

the trail. 

• The curve of usage density (bottom) determines the counter curve (upper), and 

conversely, the counter curve determines the usage density curve. 

• Over short distances, the counter curve and the usage density are approximately 

constant. 

• The number of counter clicks on a counter will depend upon how far users nor-

mally travel.  We expect users to hit a nearby counter, but if users travel large 

distances on average, then users from far away will also hit that counter.  Thus, 

the counter will record users from a larger region and will show a higher count. 

 

Given these observations, a model has been developed.   To simplify the model and the 

mathematics, the following assumptions were made: 
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• The trail is a single continuous line that is infinitely long. 

• All counters record the same number of clicks 𝐶𝐶 in a given time period.  In other 

words, if there were an infinite number of counters, the curve of counter readings 

would be flat. Therefore, we can talk about the count as a single number 𝐶𝐶. 

• Users can enter the trail at any point along the trail.  The number of users enter-

ing the trail per mile is the usage density 𝑢𝑢.  The usage density is assumed to be 

constant along the trail.  The objective is to calculate the usage density from the 

count. 
• The distance that people travel on the trail is a random variable with a known sta-

tistical distribution.  This information can be obtained from user surveys. 
 
Analysis of the Simple Usage Model 
 
In this model we assume that the one-way distance that people travel is a random vari-

able with a probability density function 𝑝𝑝(𝑦𝑦).  Since distance traveled is never a negative 

number, the only restriction on 𝑝𝑝(𝑦𝑦) is that 𝑝𝑝(𝑦𝑦) = 0 for 𝑦𝑦 < 0. 

 

Figure 2 shows two parallel horizontal axes.  The lower one is the x axis and represents 

locations on the trail.  It is assumed that there is a counter located at the origin, x=0, as 

shown.  The upper axis is the y axis and is used to locate points on the probability dis-

tribution curve 𝑝𝑝(𝑦𝑦).  The x axis increases from left to right, and the y axis increases 

from right to left.  The initial objective is to calculate the count 𝐶𝐶 from the usage density 

𝑢𝑢. 

We begin by calculating the portion of the count from users who start from the right of 

the counter.  Referring to Figure 2, consider the users who enter a small segment of the 

trail of length dx at location x.  The number of users in this group is 𝑢𝑢𝑢𝑢𝑢𝑢. 
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Figure 2 

 
For simplicity, we assume that half the people entering the trail at 𝑢𝑢 turn to the left and 

head toward the counter, and the other half go right and do not get counted4.   

The number of users from the 𝑢𝑢𝑢𝑢 segment that are headed for the counter is then given 

by 

 

 𝑛𝑛 = �
1
2
� 𝑢𝑢𝑢𝑢𝑢𝑢 (2) 

 

Not all of these people will make it to the counter because not everyone travels that far.  

We assume that the distance that people travel is governed by a distribution function 

𝑝𝑝(𝑦𝑦) as shown in the figure.  The origin of the y axis is taken to coincide with the loca-

tion x of the interval dx.   

 

The shaded area under the distribution curve represents the fraction of the people who 

started toward the counter who will pass it.  This fraction F is given by 

 

 𝐹𝐹 = � 𝑝𝑝(𝑦𝑦)𝑢𝑢𝑦𝑦
∞

𝑥𝑥
 (3) 

 

                                                 
4 It can be shown that if a fraction of the users go left, and the remainder go right, the result is the same 
as the 50% assumption.  The change in the number of users coming to the counter from the right is 
compensated by a corresponding change in users coming from the left. 
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Next, let 𝑢𝑢𝐶𝐶 denote the number of people passing the counter who started in the trail 

segment 𝑢𝑢𝑢𝑢.  Then, using Equation (2) and (3), 𝑢𝑢𝐶𝐶 is given by 

 

 𝑢𝑢𝐶𝐶 = �
1
2
� 𝑢𝑢 �� 𝑝𝑝(𝑦𝑦)𝑢𝑢𝑦𝑦

∞

𝑥𝑥
� 𝑢𝑢𝑢𝑢 (4) 

 

To get the contribution to the count from everyone starting from the right of the counter 

we integrate Equation (4) with respect to x from 𝑢𝑢 = 0 to ∞.  This gives 

 

 Ĉ = �
1
2
� 𝑢𝑢� � 𝑝𝑝(𝑦𝑦)𝑢𝑢𝑦𝑦

∞

𝑥𝑥

∞

0
𝑢𝑢𝑢𝑢 (5) 

 

Next we change the order of integration and make the corresponding change in the lim-
its of integration to get 
 

 Ĉ = �
1
2
� 𝑢𝑢� � 𝑝𝑝(𝑦𝑦)𝑢𝑢𝑢𝑢

𝑦𝑦

0

∞

0
𝑢𝑢𝑦𝑦 (6) 

 
It’s now possible to evaluate the inner integral to obtain 
 
 

 Ĉ = �
1
2
� 𝑢𝑢� 𝑦𝑦𝑝𝑝(𝑦𝑦)

∞

0
𝑢𝑢𝑦𝑦 (7) 

Next, for any probability distribution 𝑝𝑝(𝑦𝑦), by definition, the mean µ is given by 
 

 µ = � 𝑦𝑦𝑝𝑝(𝑦𝑦)
∞

−∞
𝑢𝑢𝑦𝑦 (8) 

 
For the distribution considered here, 𝑝𝑝(𝑦𝑦) = 0 for  𝑦𝑦 < 0 , and therefore in this case it is 

only necessary to integrate from 0 to ∞, giving 

 

 µ = � 𝑦𝑦𝑝𝑝(𝑦𝑦)
∞

0
𝑢𝑢𝑦𝑦 (9) 

 

Replacing the integral in Equation (7) with µ from Equation (9) gives 

 

 Ĉ = �
1
2
� 𝑢𝑢µ (10) 
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Equation (10) gives the total number of people passing the counter who started to the 

right of the counter.  However, it is only counting these people on the outbound leg of 

their trip.  Some of these people will be counted again on their return trip.  Let the frac-

tion of people who make a return trip be 𝑢𝑢. The fraction who go only one way will be 

(1 − 𝑢𝑢).  The total number of counts from people starting to the right of the counter will 

be given by 

 

 𝐶𝐶𝑟𝑟𝑟𝑟𝑟𝑟ℎ𝑡𝑡 = (2)𝑢𝑢 �
1
2
� 𝑢𝑢µ + (1)(1 − 𝑢𝑢) �

1
2
� 𝑢𝑢µ (11) 

 

which simplifies to 

 𝐶𝐶𝑟𝑟𝑟𝑟𝑟𝑟ℎ𝑡𝑡 = �
1
2
� (1 + 𝑢𝑢)𝑢𝑢µ (12) 

 

By symmetry, the people starting on the left side of the counter contribute the same 

number of counts as those starting on the right, so the total number of counts on the 

counter is given by 

 

 𝐶𝐶 = (1 + 𝑢𝑢)𝑢𝑢µ (13) 

Solving for 𝑢𝑢 gives 

 𝑢𝑢 =  
𝐶𝐶

(1 + 𝑢𝑢)µ
 (14) 

which is the same as Equation (1). 

 
 


